For a droplet or a bubble of dimensions below 100 nm, long-range surface forces such as longrange van der Waals forces can compete with capillarity, which leads to a size dependence of the contact angle. This is discussed in this work, where we also show that the effect cannot simply be described by a normalized line tension. We calculate interfacial profiles for typical values of van der Waals forces and discuss the role of long-range surface forces on the contact angle of nanobubbles and nanodrops.
INTRODUCTION
Wetting at the nanoscale is a most relevant field of fundamental research and applications.
Nanobubbles play key roles for the control of interfacial friction and for the propulsion mechanism of some artificial microswimmers. 1, 2 Nanosized liquid drops are also important in microelectronics, microfluidics and are relevant for biomedical coatings and textile processes. 3 At length scales between a nanometer and a micron, long-range surface forces play a key role for the equilibrium states of a given multiphase system. Such forces include long range Van der Waals, electrostatic, hydrophobic and hydration interactions. Hydrophobic interactions refer to the attraction manifested between two hydrophobic media in water. 4 Hydration interactions (1-2 nm range) are repulsive solvation forces observed, when two hydrophilic interfaces approach.
The nature of the observed repulsion is connected to the strong binding of water at the interface and the formation of hydrogen bonding networks, which act against the approach of the two interfaces. 5 Only Van der Waals, electrostatic and structural interactions are usually included in the Derjaguin disjoining pressure, 6 even if other interactions such as double layer electrostatic and long range hydrophobic interactions act on the same length scales. 4 If the system under consideration is composed of two fluids and a solid, an equilibrium state can be described by partial wetting, where a drop or a bubble adopts a shape which minimizes the interactions at play. If the solid is a planar substrate, a drop tends to minimize its interfacial energy which leads to a spherical cap shape, if the drop dimension is smaller than few millimeters and gravity can be neglected. The spherical cap shape is found in many experiments for drops and bubbles sitting on smooth and clean substrates even when their dimensions become micrometric or even smaller. 7, 8, 9, 10 In any case, for millimetric, micrometric or submicrometric drops, the interfacial profile deviates from the spherical cap shape close to the triple line at the nanoscale. This is expected since capillarity competes with long-range surface forces, which eventually dominate for distances close to few nanometers. 11 This deviation of the profile may be neglected for macroscopic bubbles or drops, since it represents only a negligible part of the profile. However, this is not the case for nanometric drops and bubbles, for which long-range surface forces play a central role in the statics and dynamics of wetting. Some recent investigations have been focused on the formation and stability of nanobubbles, which are observed mostly on hydrophobic surfaces immersed in a liquid. Nanobubbles possess heights lower than 100 nm and in many experiments they are found to be very stable. 2, 9, 10, 12, 13 This long time stability is somewhat surprising and many theoretical models attempted to quantify the experimental observations. Recently, an explanation based on contact line pinning and gas oversaturation of the liquid, which balance the gas diffusion driven by the Laplace pressure, has been proposed. 14, 15 Line tension, collective diffusion effects have been also discussed in the literature to explain some aspects of the stability and the contact angle of nanobubbles. 2, 16, 17 One remarkable feature is also represented by the difference in contact angle between those nanobubbles and the corresponding macroscopic air bubbles. However, some questions such as the value of the capillary pressure inside the nanobubbles and the role of surface forces on the contact angle remain open, 2, 10, 16, 18 and the desirable control on the formation and stability of nanobubbles is not yet fully achieved, which represents a major drawback for applications.
Many issues related to the physics of surface nanobubbles are common to the physics of surface nanodrops. 14 Also for nano-sized drops, line tension is usually invoked to describe the contact angle of droplets of decreasing sizes. In many experiments the droplet height can be as small as few nanometers. Negative values of the line tension have been found in most of the experiments. 6, 7, 16 Negative line tension values would imply that drops are not stable, since the increase of the contact line perimeter results in a decrease of the total energy of the system. This is in contrast to the experimental observations which attest a long time stability of those nanodrops.
In this contribution, we recall the importance of long-range surface forces (which are usually neglected in the recent literature) on the shape of nanometric droplets and bubbles. The focus is on Van der Waals interactions and on the interfacial profiles and contact angles of nanometric drops and bubbles. We expect that the long range nature of the forces affects the domain shape especially near the triple line and consider this in a quantitative way. Section 2 and 3 provide a theoretical background on contact angle and line tension. Motivation of this work and related key problems are presented in section 4. Interfacial profile results and discussion (section 5 and 6) are followed by the summary and perspectives.
CONTACT ANGLE
The equilibrium contact angle of a sessile drop on a solid substrate in partial wetting is defined in the far-field, where the minimum energetic state leads to a spherical cap profile of the drop.
Zooming on the triple line region where the three phases meet, one finds that the droplet profile deviates from a spherical cap due to long-range surface forces originating from the physicochemical properties of the media, see Fig. 1 .
Despite the fact that the local contact angle  L in the colloidal region of a drop is different from a macroscopic contact angle, an equilibrium contact angle  E can be always defined by considering that in the far field any local change (down to the molecular scale) will not affect the calculation of a free energy balance, if the triple line is simply shifted by an infinitesimal distance. 11 expressed in terms of the work associated with an incremental area change ldx on the solid substrate, see Fig. 1 : 11
where  SV ,  SL and are the solid-vapour, solid-liquid and liquid-vapour interfacial tensions, respectively. In Eq. 1 it is also assumed that local contact angles in the colloidal region simply translate when shifted by dx. Note that we define x = 0 at the place where the spherical cap profile touches the solid substrate.
The Young-Laplace equation is obtained from eq. 1 :
Hence, without accounting for a line tension contribution, it is possible to describe an equilibrium contact angle in the far-field, being aware that in the colloidal region the local profile may be very different from the far field profile, i.e. for distances <  1 µm. The latter distance describes the limit, for which long-range surface forces become negligible compared to capillary forces. Different theoretical approaches aimed at describing the interface profile at small scales. 20 Longrange surface forces, line tension and contact angle hysteresis have been discussed for the interface profile of macroscopic drops. 20,21
LINE TENSION
Considering that in partial wetting three bulk phases form three interfaces and a common contact line, a thermodynamic equilibrium can be described in the far field accounting both for three interfacial tension and a line tension terms. The latter is associated to the energy contribution of the triple line. Line tension can be regarded as the leading term of the total macroscopic free energy of the system after subtracting contributions proportional to volume and interface. 22 Two different sources of excess energy are related to the line tension. On a molecular level, the intermolecular interactions between two media will be affected by the presence of the third one on the triple line, leading to an unsaturation of interactions. 23 The second source of excess energy is related to the interface profile disturbed by long-range surface forces which tend to bend a spherical cap profile in order to minimize the local energy of the system. 23 However, it is non trivial to calculate and measure the line tension according to the previous definition. One way to evaluate the line tension contribution is to find the microscopic profile of a partially wetting drop and consider the energy associated with the deviation between the microscopic profile and the macroscopic spherical cap profile. 22 Within this approach, the line tension is a constant calculated by the effective interfacial potential for the solid liquid vapour system accounting for three terms: (i) the asymptote of the profile at the contact line (ii), the whole interfacial profile and the corresponding local effective interface potential, (iii) and the interactions between fluid molecules. 22 From these calculations one finds the theoretical line tension for a given system which can be compared to the experimental line tension measured from contact angle experiments performed on droplets or bubbles of different sizes. 7, 18, 24 Note that in this description the drop dimension is macroscopic, but only the microscopic profile (for characteristic length scale smaller than a micrometer) is relevant for the line tension calculation. 24 The line tension has also an effect on the equilibrium contact angle. This is apparently in contrast with the definition of the equilibrium contact angle described in the previous section where an equilibrium contact angle can be always defined in the far field (see Fig. 1 ).
interfacial profile upon an infinitesimal translation and introducing a line energy contribution kdl in Eq. 1: 23
However, it is worth noting that even if the interfacial profile simply translates ( Fig. 1 ), one could always write equation 3 and associate the line energy term to a cohesive excess energy of the three phase system analogously as one considers the interfacial tension for a two phase system.
From equation 3, a far field equilibrium contact angle accounting for a line tension term could be defined:
 is the equilibrium contact angle that accounts also for the line energy contribution; whilst,  E accounts only for interfacial tensions. Note that for a drop wetting a planar solid, dl = 2(R d +dx)
2 R d = 2dx (where R d is the droplet contact radius) and dl/(ldx) = 1/ R d is the curvature of the contact line. Hence Eq.4 becomes: 23
The modified Young-Laplace equation describes as well a far field balance of surface forces where an additional term, the line tension, is introduced. Note that  depends on the droplet size 
INTERFACIAL PROFILES
Here we focus our description of interfacial profiles for length scales larger than a nanometer and smaller than a micrometer, on cases where the interfacial tensions are not length scale dependent and where short-range molecular forces can be neglected.
The profile of the interface can be calculated by assuming that at equilibrium the chemical potential should be equal along the interface profile. The following equation defines the equilibrium state of a liquid layer of height h : 25
Where  is the surface tension of the liquid,  = 2 ℎ/ 2 [1+( ℎ/ ) 2 ] 3/2 is the local interface curvature, (h) is the Derjaguin disjoining pressure and the constant P 0 is the capillary pressure of the meniscus. Note that, given the length scale of interest ,gravity is neglected here. In the following we consider the case of nanodroplets, the case of nanobubbles being analogous.
In the colloidal region, the interfacial profile of a droplet can show both positive and negative curvatures, since the Derjaguin disjoining pressure could show a maximum in the range from 1 nm to 1 µm. In fact the interaction between the solid-fluid and fluid-fluid interfaces can be repulsive and attractive depending on the interactions and distance  Interfacial profiles of droplets accounting for attractive and repulsive VdW forces were calculated and analytical expressions are reported in literature. 27, 28, 29 term, which depends only on the refractive indexes of the media; and a frequency dependent term, which accounts for the spectral properties of the media. 30 Considering only the effect of VdW forces, the curvature of the interfacial profile is negative for repulsive VdW and positive for attractive VdW forces (see Fig. 3 ). Note that the sign of the curvature depends on the sign of the second derivative of h(x). Those profiles should be found in every drop and bubble. However, it is very challenging from an experimental view point to measure those profiles without introducing any artifacts.
In Figure 3A where ℎ = , = 2 .
= 6
and is a characteristic length describing the balance between VdW and interfacial tension terms, A is the repulsive Hamaker constant and  is the fluid interfacial tension. Note that equation 7 contains two free parameters, a that describes the strength of the VdW force, and  E , which describes the far-field equilibrium.
Hamaker constant for glass-water-air 5 is 1×10 20 J). 30 The deviation of the profile increases, if the characteristic length a increases.
Note that the deviation of the profile is significant for heights lower than a/ E , i.e. 1, 2 and 3 nm.
Hence, as we discussed in Fig. 2 , the hyperbolic profile will match the spherical cap profile for heights of the order of a/ E , as one can expect for droplets of micron size or larger. Note that this will be not the case for nanodrops or nanobubbles. In fact for the latter systems the maximum height could be of the same order or even smaller than a/ E .
We have also calculated interfacial profiles for attractive Van der Waals forces (Fig. 3B ). In this case the square of the slope of the profile is given by: 29
Here  0 is a distance defined by: 0 2 = 6 , and b is related to the equilibrium contact angle by: cos E  / (2b). x 0 is a constant, which depends on the boundary condition of the profile.
Profiles are calculated subtracting a baseline of height 0 , which corresponds to the height of the molecular wetting film coexisting with the meniscus. To calculate the profiles in Fig 3(B) , Eq. 8 
was solved numerically and in a good approximation can be represented by the analytical function:
= ( − √2 arctan ( √2 )) Eq. 9
In Fig. 3 we show the interfacial profiles for three typical values of 0 (e.g. the attractive
Hamaker constant for glass-air-water 5 is 5×10 20 J) together with a spherical cap profile for  E = 0.51 rad and R d = 10 µm. As we pointed out, it must be noted that the height of nanodroplets and nanobubbles corresponds to a length, where the interfacial profile is strongly affected by VdW forces. The nanometric droplet or bubble actually exists only in the colloidal region (see Fig. 1 
where equation 2 and 5 can not be strictly applied. Hence, it can be argued that if a droplet exists only in the colloidal region and it adopts a spherical-like cap profile, it does not imply that it will adopt the same contact angle as the one defined in the far field, where only capillarity matters.
Here we suggest that the contact angle adopted by the droplet is closely related to the local angle of the interfacial profile, which describes the competition between long-range surface and capillary forces.
Accounting for a disjoining pressure only due to VdW forces of the form: (h) = A/6h 3 one might estimate the contribution of long-range surface and capillary forces on the interfacial profile. 5 Neglecting the gravity term, the droplet profile obeys to equation 6: 31  + (h)/ = P 0 / C 0 .
To find the constant C 0 it is convenient to look at the drop maximum, where the first derivative of the profile is zero.
When the drop maximum height is larger than 0.1 µm, the disjoining pressure decays almost to zero, (h MAX ) = 0.2 J/m 3  0 (A/6h MAX 3  1/(0.3 m)) , and C 0 = P 0 /1/R 0 is the curvature of the drop at the maximum height, i.e. assuming a spherical cap shape and  L = 0.1 rad, 1/R 0 = 1/(20 µm) (see Fig. 4B ).
For small droplets the disjoining pressure does not decay close to zero anymore and
Eq. 10
When h = 1 nm, A/6h MAX 3  1/(30 nm) showing that the contribution of the long-range surface force becomes as important as the capillary one for nanodrops and nanobubbles, i.e. assuming a spherical cap shape and  L = 0.1 rad, 1/R 0 = 1/(200 nm) (see Fig. 4B ). .
RESULTS AND DISCUSSION
Here, we propose a simple criterion which states that a droplet, whose dimensions are in the colloidal domain, will adopt a spherical cap profile to minimize its area with a contact angle dictated by the local contact angle which accounts for both long-range surface forces and capillarity.
Hence according to this criterion, the contact angle of a nano-sized droplet of height h MAX is equal to the local contact angle of the interfacial profile at the same height (Fig. 4A) . The nanosized droplet and the interfacial profile share the same contact in x, and the droplet contact radius is (see Fig. 4B ):
In Fig. 4 , two droplets of different heights are shown. Significant differences in contact angles can be observed for droplet radii R d smaller than 100 nm. Increasing the droplet height, the slope of the interfacial profile varies slowly and approaches the far-field value tan E . linear with the inverse of the droplet radius if the droplet size is nanometric. 7, 8 The linear relation could be found only for the modified Young-Laplace equation if drops exist in the far-field. In this case the line tension k can be also calculated theoretically. k is a constant of the system, which represents the energy not accounted for in the bulk and surface terms, when far-field asymptotes can be defined.
For nanometric droplets we can relate the contact angle to the local interfacial profile, which represents the competition of forces acting at the colloidal length scale. Thus, the relation between the droplet contact angle and the droplet size is dictated by the shape of the interfacial profile in the colloidal region. Hence in general, the cosine of the contact angle is not expected to be linear with the droplet curvature, since the form of the disjoining pressure may show local minima and maxima with the distance, and both positive and negative curvatures could be observed (see Figure 6 ). 25 Here we suggest an interpretation of experiments performed on droplets and bubbles of decreasing sizes (down to the nanometer scale) as an effect of local contact angle due to longrange surface forces such as long range VdW forces.
SUMMARY AND PERSPECTIVES
Finally, for large drops whose sizes are larger than a micron, the contact angle is the equilibrium contact angle  E defined by the Young-Laplace equations (eq. 2 and 5). Even for those drops, in the contact line region (at nanometric length scales) local contact angles deviate from  E , but this is a local effect that can be considered negligible. If the droplet height is in the nanoscale the droplet profile will be strongly affected by long-range surface forces. In this context, we propose a simple criterion based on the height of the droplet to describe the change of contact angle.
We believe that the work presented here can stimulate some new discussion in the field of nanodrops and nanobubbles. Theoretical work aiming at describing exact interfacial profiles of nanofluids accounting for different terms of disjoining pressure will surely improve the understanding of contact angle and stability results of nanobubbles and nanodrops.
To conclude, we point out two major results presented here that could be used in future studies.
Eq. 10 shows that for nanofluids the capillary pressure depends strongly on the distance and on the Hamaker constant of the system. The latter could possess both signs, which would lead to a strong decrease or increase of the capillary pressure for nanobubbles and nanodrops. This result may help improving theoretical modeling on the gas diffusion of nanobubbles.
We also point out that the stability of nanobubbles may result from the onset of repulsive longrange surface interactions observed when the height of the nanobubble decreases (see Figure 6 ).
This repulsive force prevents the shrinking of the fluid and thus enhances the stability. We can assume that when the height of drops or bubbles is larger than an onset distance h * (h > h * ), the resulting interaction is attractive. In this region, the local contact angle decreases with the decreasing distance ( Fig. 5(c) ), which agrees with the effective negative line tension values observed in experiments and predictable for attractive VdW forces as in nanobubble systems. 14 Below this onset distance, h < h * , a repulsive VdW or electrostatic interaction may stabilize the fluid against further shrinking (see Figure 6 ). Repulsive VdW interactions are expected for systems when the static and the frequency dependent terms of the Hamaker constant result in repulsive values. Repulsive electrostatic interactions for nanobubbles may manifest because of the negative potential of the gas-water and solid-water interfaces. 27 A clear perspective of this work is to include the contributions of electrostatic, hydrophobic and hydration interactions (together with VdW forces) into the disjoining pressure in order to reinterpret experimental results obtained for nanodrops and nanobubbles. 14 
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